We classify the orbits of elements of the tensor product spaces F 2 ⊗ F 3 ⊗ F 3 for all finite; real; and algebraically closed fields under the action of two natural groups. The result can also interpreted as the classification of the orbits in the 17-dimensional projective space of the Segre variety product of a projective line and two projective planes. This extends the classification of the orbits in the 7-dimensional projective space of the Segre variety product of three projective lines [7] . The proof is geometric in nature, relies on properties of the Segre embedding, and uses the terminology of projective spaces.
Introduction
In this article we study orbits of elements of tensor product spaces V 1 ⊗V 2 ⊗V 3 under the action of two natural groups. This problem can be studied either in the vector space V = V 1 ⊗V 2 ⊗V 3 or the projective space PG(V 1 ⊗V 2 ⊗V 3 ). In this article we will present results using vector space terminology. However we will utilise some terminology and concepts from projective geometry in the proofs.
We consider orbits under the action of the groups G and H, where G is the stabiliser in GL(V ) of the set of fundamental tensors (see Section 2 for definitions), and H is the subgroup GL(V 1 ) × GL(V 2 ) × GL(V 3 ) of G.
The orbits under the actions of G and H have been studied mostly over algebraically closed fields, see for example [5] . Computational and theoretical results over small fields and small dimensions have been obtained, for example [1] , [2] , [10] . A geometric classification for the case F 2 ⊗ F 2 ⊗ F 2 was given by the authors in [7] . In this paper we extend this classification to the cases F 2 ⊗ F 2 ⊗ F 3 and F 2 ⊗ F 3 ⊗ F 3 , in the case that F is a finite field, the real field, or algebraically closed. The proof uses ideas from [6] , [7] , and [8] . This result can be used to fully classify all orbits of subspaces of PG(F 2 ⊗F 3 ), and hence all orbits of tensors in F 2 ⊗ F 3 ⊗ F r for all positive integers r. This will be treated by the authors in the forthcoming paper [9] .
Definitions and preliminary results
Let V = r i=1 V i , where V 1 , . . . , V r are finite dimensional vector spaces over some field F, with dim V i = n i < ∞. The set of fundamental tensors is the set {v 1 ⊗ v 2 ⊗ . . . ⊗ v r : v i ∈ V i \{0}}. Projectively, this corresponds to the Segre variety S n 1 ,n 2 ,...,nr (F) , that is the image of a Segre embedding σ n 1 ,...,nr defined as σ n 1 ,...,nr : PG(V 1 ) × PG(V 2 ) × . . . PG(V r ) → PG(V )
:
The rank of a tensor A, denoted rk(A), is defined to be the minimum number k such that there exist fundamental tensors α 1 , . . . , α k with A ∈ α 1 , . . . , α k .
The fundamental tensors hence correspond precisely to the set of rank one tensors. When r = 2, that is V = V 1 ⊗ V 2 , the tensor rank corresponds to the usual matrix rank. We define the rank of a projective point in PG(V ) to be the rank of any corresponding tensor.
The setwise stabilizer in GL(V ) of the set of rank one tensors in V = V 1 ⊗ V 2 ⊗ V 3 will be denoted by G. Clearly the rank of a tensor is G-invariant.
) defines a subgroup of G, which we will denote by H, via the action defined by
Note that H is not necessarily equal to G, for example if (2)). The group Sym(2) arises from the map T defined by T :
For A ∈ V 1 ⊗V 2 ⊗V 3 we define the first contraction space of A as the following subspace of V 2 ⊗ V 3 :
where V ∨ 1 denotes the dual space of V 1 , and the contraction w ∨ 1 (A) is defined by its action on the fundamental tensors
Similarly we define the second and third contraction space, and denote these by A 2 and A 3 respectively. We will consider the projective subspaces PG(A i ) of PG(V j ⊗ V k ), where j < k and {i, j, k} = {1, 2, 3}.
The setwise stabilizer of the set of rank one tensors in the contracted space V j ⊗ V k will be denoted by G i , where j < k and {i, j, k} = {1, 2, 3}, and the subgroups GL(
The following elementary lemmas will prove useful in the classification to follow.
Lemma 2.1. If A, B ∈ V 1 ⊗ V 2 ⊗ V 3 then the following are equivalent:
and
This implies that B =
k ) where b i ∈ F, and the u ′ i 's form a basis. Hence B = u
The proof of (i) ⇒ (ii) is similar, and (ii) ⇒ (iii) is trivial. Suppose V 2 = V 3 = F n , and let {e 1 , . . . , e n } be the standard basis for F n . Then V 2 ⊗ V 3 ≃ M n (F), and we can choose the isomorphism such that the tensor x := n i=1 e i ⊗ e i corresponds to the identity matrix. Then the stabiliser of x in H 1 is given by N := {(g, g −1 ) : g ∈ GL(n, F)}.
Proof: Let V 1 denote the n-dimensional vector space of row vectors and V 2 the n-dimensional vector space of column vectors over the field F. Then GL(V 1 ) = GL(V 2 ) with the action from the right on V 1 and from the left on V 2 . Let U be a subspace of V 1 and define U ⊥ := {y ∈ V 2 : ∀u ∈ U : uy = 0}. Suppose A ∈ GL(V 1 ) is in the stabiliser S U in GL(V 1 ) of U. Then ∀u ∈ U, uA −1 ∈ U and hence uA −1 y = 0, ∀y ∈ U ⊥ . But this means that
is contained in a unique solid which intersects S n 1 ,n 2 (F) in a subvariety Q(x) equivalent to a Segre variety S 2,2 (F).
Proof: Consider a point x of rank two, i.e. a point x ∈ y, z where
is a Segre variety equivalent to S 2,2 (F) contained in S n 1 ,n 2 (F), and x ∈ Q y,z . Any subvariety of S n 1 ,n 2 (F) equivalent to S 2,2 (F) is of the form Q y,z for some y, z ∈ S n 1 ,n 2 (F), and two solids spanned by such subvarieties
2 ) intersect in the subspace spanned by the subvariety σ n 1 ,n 2 (w 1 × w 2 ), where
It follows that the intersection of two different solids Q y,z and Q y ′ ,z ′ is either a point on S n 1 ,n 2 (F) or a line on S n 1 ,n 2 (F), and hence cannot contain a point of rank two. This implies that Q(x) := Q y,z is uniquely defined by x. Definition 2.5. The (i-th) rank distribution r i (A) of a tensor A is defined to be the tuple whose j-th entry is the number of rank j points in the i-th contraction space PG(A i ).
Note that if A and B are H-equivalent, then r i (A) = r i (B) for each i. The converse does not necessarily hold. Also note that the corresponding statement for G-equivalence is false.
Orbits of tensors in F
In this section we study the orbits of tensors in F 2 ⊗ F 3 ⊗ F 3 in terms of their first contraction spaces, by considering the corresponding projective subspaces of PG(
. By Lemma 2.1 and its corollary, the H 1 -orbits (resp. G 1 -orbits) of these subspaces are in one-to-one correspondence with the H-orbits (resp. G-orbits) of nonzero tensors. The proof itself contains a geometric characterisation of each of the orbits. A nonzero tensor in F 3 ⊗ F 3 (and similarly a point in PG(F 3 ⊗ F 3 )) is called singular if it has rank at most two.
The trivial cases o
The zero vector forms an H-orbit, which we denote by o 0 . The next trivial cases occur when PG(A 1 ) is a point, and this gives rise to three further orbits: 
Lines containing at least one singular point
Next we consider tensors A ∈ F 2 ⊗ F 3 ⊗ F 3 whose first contraction space A 1 is two-dimensional and contains a singular tensor. This means that A 1 determines a line PG(A 1 ) containing a singular point.
whose first contraction space is two-dimensional and contains at least one singular tensor. If F is finite, or F is real closed, there are 16 H-orbits and 13 G-orbits on Ω. If F is algebraically closed, there are 14 H-orbits and 11 G-orbits on Ω.
Proof: We will consider the orbits of points and lines in PG(F 3 ⊗F 3 ) under the action induced by H 1 . We divide the proof into subcases by considering the rank distribution. For a tensor
Let p 1 , p 2 , p 3 , p 4 be the standard frame of PG(F 3 ) corresponding to the basis e 1 , e 2 , e 3 of F 3 , and recall the Segre embedding
Case (1):
We are supposing a ≥ 2, i.e. PG(A 1 ) has at least two points of rank 1.
The lines contained in S 3,3 (F) are either of the form σ 3, The lines not contained in S 3,3 (F) have a ≤ 2, since S 3,3 (F) is the intersection of quadrics. Suppose a = 2. Then PG(A 1 ) is a two-secant to S 3,3 (F) and hence determines a unique subvariety S 2,2 (F). Each such subvariety is equivalent to σ 3,3 ( p 1 , p 2 × p 1 , p 2 ), and its stabiliser inside the group induced by H 1 acts 3-transitively on the points of p 1 , p 2 in each factor. Therefore, the set of two-secants forms one orbit under the group induced by H 1 . All other points of PG(A 1 ) have rank two and hence if F = F q , the line PG(A 1 ) has rank distribution [2, q − 1, 0]. We denote this orbit by o 5 .
Next suppose that a = 1 and b ≥ 1, i.e. PG(A 1 ) is tangent to S 3,3 (F) and contains at least one point of rank 2. Assume PG(A 1 ) = x 1 , x 2 , with x 1 of rank one and x 2 or rank two. We consider three cases depending on the position of x 1 with respect to Q(x 2 ).
and it follows from [7] that that these lines form one orbit under the group induced by H 1 . This orbit has rank distribution [1, q, 0] 
, where x 2 = e 1 ⊗ e 1 + e 2 ⊗ e 2 and x 1 = e 1 ⊗ e 3 , since the subgroup of the group induced by H 1 stabilising
) acts transitively on frames of both factors. Note that the dimension of the third contraction space A 3 is three, since otherwise we would be in the previous case o 6 . In the finite case F = F q , the line PG(A 1 ) has rank distribution [1, q, 0] .
. If x 1 is not contained in Q(x 2 ), but is contained in a subvariety S 3,2 (F) of S 3,3 (F) containing Q(x 2 ), repeating the argument for o 7 we see that we get a single orbit, which is G 1 -equivalent to o 7 , and also has rank distribution [ 
We show that also these lines form one orbit. For suppose PG(A 1 ) is a line containing a point x 1 of rank one and a point x 2 of rank 3. Then w.l.o.g. we may assume that x 2 = e 1 ⊗ e 1 + e 2 ⊗ e 2 + e 3 ⊗ e 3 and x 1 = x ′ ⊗ x ′′ with x ′ = ue 1 + ve 2 + we 3 for some u, v, w ∈ F with u = 0. Now x 2 can also be written as
After an appropriate base change we see that up to H 1 -equivalence we may assume x 1 = e 1 ⊗ (u ′ e 1 + v ′ e 2 + w ′ e 3 ), for some u ′ , v ′ , w ′ ∈ F with w ′ = 0, and x 2 = e 1 ⊗e 1 +e 2 ⊗e 2 +e 3 ⊗e 3 . Now note that necessarily u ′ = 0, since otherwise the line x 1 , x 2 would contain the rank two point x 2 −u ′ x 1 in contradiction with our hypothesis b = 0. So w.l.o.g. we have x 1 = e 1 ⊗(v ′ e 2 +w ′ e 3 ). Finally, since x 2 can be rewritten as
we see that the line x 1 , x 2 is equivalent to e 1 ⊗e 3 , e 1 ⊗e 1 + e 2 ⊗e 2 + e 3 ⊗e 3 , as claimed. We denote this orbit by o 9 . If F = F q these lines have rank distribution [1, 0, q]. o 10 . Our next orbit is inherited from the 2 × 2 × 2 case; it consists of lines which are contained in a three-dimensional subspace spanned by a subvariety S 2,2 (F) of S 3,3 (F) but disjoint from this subvariety. These corresponds to the orbit of nonsingular points in the Segre variety product of three projective lines, see [7] . When F = F q or F = R, by [7] these lie in one orbit which we denote by o 10 . The rank distribution for F = F q is [0, q + 1, 0], i.e. constant rank two. Note that this orbit is empty if F is algebraically closed.
o 11 . Another orbit containing constant rank two lines, consists of the lines disjoint from S 3,3 (F) which are contained in a five-dimensional space spanned by some subvariety S 2,3 (F), but not any S 2,2 (F). We claim that all these lines are equivalent to the line e 1 ⊗ e 1 + e 2 ⊗ e 2 , e 1 ⊗ e 2 + e 2 ⊗ e 3 . Suppose x 1 , x 2 is a constant rank two line contained in a subvariety S 2,3 (F). Then w.l.o.g. we may assume that x 1 , x 2 is contained in PG( e 1 , e 2 ⊗ F 3 ). It follows that Q(x 1 ) and Q(x 2 ) meet in a line ℓ, and again w.l.o.g. we may assume ℓ = σ 3,3 ( e 1 , e 2 ⊗ e 2 ). Each plane π i = x i , ℓ , i = 1, 2, intersects the quadric Q(x i ) in two lines: the line ℓ and another line, say ℓ i . If ℓ 1 and ℓ 2 have a point in common, then the plane ℓ 1 , ℓ 2 is contained in the Segre variety S 3,3 (F). In this case the three-dimensional space ℓ, ℓ 1 , ℓ 2 contains the plane ℓ 1 , ℓ 2 as well as the line x 1 , x 2 . But then x 1 , x 2 meets ℓ 1 , ℓ 2 contradicting our hypothesis that x 1 , x 2 is a constant rank two line. Therefore ℓ 1 ∩ ℓ 2 = ∅. W.l.o.g. we may assume that y 1 = ℓ∩ℓ 1 = e 1 ⊗e 2 and y 2 = ℓ∩ℓ 2 = e 2 ⊗e 2 . Now considering the intersection point e 1 ⊗ α of the line ℓ 1 with the line x 1 , y 2 and the intersection point e 2 ⊗ β of the line ℓ 2 with the line x 2 , y 1 we have that x 1 = ue 1 ⊗ α + e 2 ⊗ e 2 and x 2 = e 1 ⊗ e 2 + ve 2 ⊗ β , u = 0 = v. Since the α, e 2 , β are linearly independent, we may assume uα = e 1 and vβ = e 3 . This proves the claim. We call this orbit o 11 . o T 11 . Replacing S 2,3 (F) with S 3,2 (F) in the above, and repeating the argument, we get another orbit o T 11 , which is G 1 -equivalent to o 11 . These can not be H 1 -equivalent, for if they were then PG(A 1 ) would be contained in some S 2,2 (F) , contradicting our assumption. The next step in the proof is to consider the remaining orbits of lines which have at least two points of rank two, and no points of rank one. The assumption that such a line x 1 , x 2 , where x 1 and x 2 are points of rank two, is not in one of the previous orbits implies that it is not contained in any subspace spanned by a subvariety S 2,3 (F) or S 3,2 (F) of S 3,3 (F), and hence Q(x 1 ) and Q(x 2 ) must intersect in a point, say z. The orbits of such lines depend on the position of the points x 1 , x 2 , z. We have the following three possibilities: (i) none of x 1 , x 2 lies on a secant through z; (ii) only one of x 1 , x 2 lies on a secant throught z; (iii) both x 1 and x 2 lie on a secant through z.
(i) o 12 . In this case we assume w.l.o.g. that z = e 1 ⊗ e 2 . Denote the two planes of the Segre variety S 3,3 (F) that contain z by π(z) = PG(F 3 ⊗ e 2 ) and π ′ (z) = PG(e 1 ⊗ F 3 ). Then the hypotheses imply that for each i ∈ {1, 2}, x i lies on the tangent plane of Q(x i ) at z, and hence x i is on a secant line y i , y are linearly independent. It follows that the line x 1 , x 2 is equivalent to the line e 1 ⊗ e 1 + e 2 ⊗ e 2 , e 1 ⊗ e 3 + e 3 ⊗ e 2 , under the action induced by (g 1 , g 2 ), where g 1 : e 1 → e 1 , α 1 → e 2 , α 2 → e 3 , g 2 : e 2 → e 2 , α
We call this orbit o 12 , and observe that a line in this orbit is a constant rank two line not contained in the span of any subvariety S 2,3 (F) or S 3,2 (F).
(ii) o 13 . In this case we assume w.l.o.g. that z = e 1 ⊗e 2 , and that x 2 lies on a secant through z. Then by hypothesis x 1 does not lie on a secant through z, hence, using the same notation as in case (i) x 1 lies on the tangent plane of Q(x 1 ) at z, and therefore on a secant line y 1 , y ′ 1 with z, y 1 = π(z) ∩ Q(x 1 ) and z, y
. Continuing the argument as before, we may conclude that w.l.o.g. x 1 = e 1 ⊗ e 1 + e 2 ⊗ e 2 and x 2 = e 1 ⊗ e 2 + e 3 ⊗ e 3 . We denote this orbit by o 13 ; its lines have rank distribution [0, 2, q − 1] over F q .
(iii) o 14 . In this case w.l.o.g. we assume z = e 2 ⊗ e 2 . Then there are α, β, γ, δ such that x 1 = α ⊗ β + e 2 ⊗ e 2 and x 2 = e 2 ⊗ e 2 + γ ⊗ δ. Since x 1 , x 2 is not contained in any subspace spanned by a subvariety S 2,3 (F) or S 3,2 (F) of S 3,3 (F), we have that both α, e 2 , γ and β, e 2 , δ are linearly independent. It follows that each such line is equivalent to x 1 , x 2 with x 1 = e 1 ⊗ e 1 + e 2 ⊗ e 2 and x 2 = e 2 ⊗ e 2 + e 3 ⊗ e 3 . We call this orbit o 14 ; its lines have rank distribution [0, 3, q − 2] over F q .
We have now dealt with all the orbits on lines which have at least one point of rank one and with all the orbits on lines with at least two points of rank two. So from now on we only need to consider the lines PG( If b = 1, then let x 1 be a point of rank three and x 2 a point of rank two on PG(A 1 ). We distinguish the following two cases: a) there exist two points y i , i = 1, 2 of rank i such that x 1 is on the line y 1 , y 2 and Q(y 2 ) = Q(x 2 ); and b) such points do not exist. a) o 15 . In this case w.l.o.g. we may assume that y 1 = e 3 ⊗ e 3 and Q(y 2 ) = Q(x 2 ) = σ 3,3 ( e 1 , e 2 × e 1 , e 2 ). Now projecting the line x 1 , x 2 from y 1 onto Q(x 2 ) gives the constant rank two line x 2 , y 2 in Q(x 2 ) (cf. orbit o 10 ). Using the transitivity of the stabilizer of Q(x 2 ) inside the group induced by H 1 on these lines (cf. orbit o 10 ), we obtain one orbit of such lines. We denote this orbit by o 15 . A representative for the orbit is e 1 ⊗ e 1 + e 2 ⊗ e 2 + ue 1 ⊗ e 2 + e 3 ⊗ e 3 , e 1 ⊗ e 2 + ve 2 ⊗ e 1 , with u, v ∈ F such that vλ 2 + uvλ − 1 = 0 for all λ ∈ F.
If F = F q , the orbit o 15 has rank distribution [0, 1, q]. If F is algebraically closed, this orbit is empty. b) o 16 . In this case let Q(x 2 ) = σ 3,3 (ℓ × m), and suppose x 1 = e 1 ⊗ e 1 + e 2 ⊗ e 2 + e 3 ⊗ e 3 . Then ( * * ) x 1 can be written as x 1 = a 1 ⊗ b 1 + a 2 ⊗ b 2 + a 3 ⊗ b 3 , if and only if there exists a nonzero constant k ∈ F such that a i · b j = 0 for i = j and a i · b i = k, where · denotes the usual dot product of vectors.
Recall that an element of the stabiliser N of x 1 has the form (g, g −1 ), and corresponds to conjugation in GL(3, F). By Lemma 2.3, the set of elements (g, g −1 ) in N such that g stabilises a point (line) x in the first factor corresponds to the set of elements (g, g −1 ) such that g −1 stabilises a line (point) in the second factor, and vice versa. Now assume ℓ = a 1 , a 2 , and consider the duality from PG(F 3 ) (the first factor in the pre-image of σ 3,3 ) to PG(F 3 ) (the second factor in the pre-image of σ 3,3 ) induced by the standard inner product. The dual space of a subspace will be denoted by ⊥. If m does not pass through b 3 := ℓ ⊥ , then put
After appropriate scaling we have the necessary conditions ( * * ) to write x 1 = a 1 ⊗b 1 +a 2 ⊗b 2 +a 3 ⊗b 3 with Q(x 2 ) = σ 3,3 ( a 1 , a 2 × b 1 , b 2 ). This is in contradiction with the hypothesis (put y 2 = a 1 ⊗ b 1 + a 2 ⊗ b 2 and y 1 = a 3 ⊗ b 3 ). It follows that m is a line through b 3 = ℓ ⊥ . Let m = b 2 , b 3 and suppose x 2 = a 1 ⊗ (ab 2 + bb 3 ) + a 2 ⊗ (cb 2 + db 3 ) for some a, b, c, d ∈ F. Then c = 0 since otherwise x 1 , x 2 would have a rank two point a 1 ⊗ (−cb1 + ab 2 + bb 3 ) + (da 2 − ca 3 ) ⊗ b 3 which is different from x 2 , a contradiction. Arguing as before it follows that there is one orbit, which we call o 16 , satisfying the hypotheses and it is represented by the line x 1 , x 2 with x 1 = e 1 ⊗e 1 +e 2 ⊗e 2 +e 3 ⊗e 3 and x 2 = e 1 ⊗e 2 +e 2 ⊗e 3 . If F = F q , this orbit has rank distribution [0, 1, q], and is denoted by o 16 .
This completes the classification of lines containing at least one point of rank less than 3. [7] . [6, Theorem 4.3] ) of algebraic field extensions of degree 2 of F (which may be infinite), then the number of H-orbits on Ω is 14 + 2η(F).
Lines without singular points
The remaining case, that is the case of lines of constant rank 3, is fielddependent, and it will be convenient to utilise the language of matrices, determinants and characteristic polynomials.
Suppose the line x 1 , x 2 , x i = v i , has rank distribution [0, 0, q + 1], that is, a constant rank 3 line. We may identify this with a 2-dimensional subspace
But f is a polynomial of degree 3 over F, and hence if F is algebraically closed (or real closed), must have a root in F, a contradiction. So, taking into account the results from Sections 3.1 and 3.2, we have shown the following. We continue with the line x 1 , x 2 without any assumptions on the field F.
We may assume that v 1 = e 1 ⊗ e 1 + e 2 ⊗ e 2 + e 3 ⊗ e 3 , which corresponds to the identity matrix. Recall that the group H 1 acts on matrices as (g, h) : X → gXh. The characteristic polynomial of a tensor v is p v (t) := det(v 1 − tv).
Then g(αv 1 + βv 2 )h = v 1 , and gh = γv 1 + δv 3 , for some α, β, γ, δ ∈ F.
If β = 0, then δ = 0, and h = αg −1 . Hence g v 1 , v 2 g −1 = v 1 , v 3 , and hence gv 2 g −1 = µv 1 + νv 3 for some µ, ν ∈ F, i.e. v 2 is similar to µv 1 + νv 2 . Clearly it is also true that if v 2 is similar to µv 1 + νv 3 , then v 1 , v 2 is equivalent to
, and so (αv 1 + βv 2 ) is similar to (γv 1 + δv 3 ) −1 . It is easy to see that the converse is also true, and hence we have shown the following. • v 2 is similar to µv 1 + νv 3 for some µ, ν ∈ F;
• (αv 1 + βv 2 ) is similar to (γv 1 + δv 3 ) −1 for some α, β, γ, δ ∈ F, βδ = 0. Now two matrices are similar if and only if they have the same rational canonical form. As v 2 and v 3 both have irreducible characteristic polynomial, their rational canonical forms are the companion matrices of their respective characteristic polynomials.
We recall the definition of the Mobius transformation of a polynomial: if φ = a b c d is an invertible matrix, and f a polynomial of degree n, then
Note that f aφ = f φ for all a ∈ F, and so we may take φ to be an element of PGL(2, q).
We recall also the following straightforward lemma.
Proof: It suffices by Lemma 3.6 to show that every two monic irreducible polynomials of degree 3 are related by a Mobius transformation. Let f be a monic irreducible of degree 3. Then the stabiliser of f under PGL(2, q) has order 3, and hence the size of the orbit of f under this action is
, which is precisely the number of monic irreducible polynomials of degree 3, proving the claim.
Note that there may be an infinite number of orbits for some fields, such as Q. 
Canonical forms of tensors in F
In this section we list the canonical forms for the representatives of the Gorbits in
The special cases of Theorems 3.9 and 3.10 for the field F = F 2 were computed in [1] .
The previous subsections are summarized in the following theorem. Proof: Follows from Theorems 3.1 and 3.7.
The canonical forms for the 18 G-orbits in the finite field case can be extracted from the proof of the classification of the orbits. If e 1 , e 2 , e 3 is a basis for F 3 and e = e 1 ⊗ e 1 + e 2 ⊗ e 2 + e 3 ⊗ e 3 , then the canonical forms are as follows. The third column contains the rank distribution r 1 (A) of the first contraction space of a representative A. 
